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Runway excursions, abnormal runway contact, and runway undershoot/overshoot are the third leading 

category of fatal commercial aviation accidents. One contributing factor is the lack of timely objective and 

accurate assessments of runway conditions.  Feasible methods of using onboard aircraft data to achieve a 

timely reporting of the available runway friction have been sought to improve real-time assessment of runway 

conditions.  Though the aircraft braking capability is an essential element for the runway condition 

assessement, it is not directly measured. Critical forces acting on the aircraft during the landing rollout must 

be properly measured or estimated to enable the airplane-based reporting approach.  The uncertainty of each 

force calculation will determine the validity of such approach. 

In this study, we demonstrated a process to determine the uncertainty in the calculation of reverse thrust 

using in situ data.  The analysis was performed on a reverser thrust model that uses a control volume analysis 

and engine station pressure and temperature ratios to calculate reverse thrust. The model was verified and 

validated using data collected by the FAA’s Global 5000 aircraft. A sensitivity analysis was performed using a 

response surface methodology to determine the most critical factors in the analysis. Then a Monte Carlo 

simulation was used to determine the uncertainty in the response. The analysis found that the uncertainty in 

the model input variables translates to an uncertainty of ±10% for the reverse thrust calculation.   

Nomenclature 

𝑚̇ = Mass flow rate 

𝛿𝑆 = Spoiler deflection angle 

∅ = Relative humidity 

a = Ambient 

AR = Aspect ratio 

b = Wing span 

bs = Spoiler span 

B = Bypass 

c = Combustor 

CD = Drag coefficient 

CD0 = Zero-lift drag coefficient 

CDhld = High lift device drag 

CDs = Spoiler drag coefficient 

CL = Lift coefficient 

CLC = Clean wing lift coefficient 

CLHLD = High lift device lift coefficient 

CLS = Spoiler lift coefficient 

d = Diffuser 

D = Drag 

e = Oswald efficiency 

e = Exit 

F = Force 

G = Gravity 

M = Mach 
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m = Mass 

ƞ = Efficiency 

N = Normal distribution 

n = Nozzle 

o = Inlet 

p = Pressure 

R = Gas constant 

S = Wing area 

sat = Saturation 

Ss = Spoiler area 

T = Temperature 

t = Time 

TR = Thrust reverser 

U = Uniform distribution 

u = Velocity 

v = Vapor 

V = Velocity 

β = Ejection angle 

γ = Specific heat ratio 

ρ = Density 

I. Introduction 

unway excursions while landing on contaminated runways is a continuing problem. A study by Boeing 

concluded that runway excursions, abnormal runway contact, and runway undershoot/overshoot were the 

third leading cause of fatal commercial aviation accidents between 2005 and 2014
1
. Furthermore, a study by the 

Flight Safety Foundation in 2009 showed that ineffective braking caused by runway contamination is the third 

leading cause of runway excursion events
2
. One contributing factor is a lack of timely, objective, and accurate 

information on runway friction.  The National Transportation Safety Board (NTSB) has issued a number of safety 

recommendations since 1974 on the subject of runway friction determination in slippery runway conditions.  As a 

result of the Southwest Airlines flight 1248 landing overrun at Chicago Midway airport on December 8, 2005, the 

NTSB recommended that the FAA should investigate the feasibility of  using onboard aircraft data to achieve a 

timely assessment of the available runway friction
3
. 

The current methods of assessing runway conditions are pilot braking action reports and the use of continuous 

friction measuring equipment (CFME). Pilot braking action reports are useful in characterizing changing runway 

conditions; however, they are subjective and can vary widely between pilots and aircraft types. CFMEs are currently 

the source of objective runway friction assessments; however, they have their drawbacks, including lack of accuracy 

and repeatability. Furthermore, CFMEs do not directly address the braking performance of an aircraft. In addition, 

their use requires a temporary closure of a runway, which interrupts airport operations. 

Given the limitations of current runway assessment methods, a novel approach has been proposed to determine 

runway friction by using aircraft onboard data during the landing roll-out
4
. During the landing roll-out, five primary 

forces are acting on the aircraft: thrust, drag, lift, gravity, and braking.  Though the overall acceleration of the 

aircraft is always captured, the individual forces are not readily recorded in the aircraft data output.  Regardless, 

drag, lift, and thrust can be estimated using an aircraft performance model and recorded flight parameters (e.g., 

airspeed, N1, longitudinal acceleration, and ground speed).  The effect of gravity on the longitudinal acceleration of 

the aircraft can be estimated based on the slope of the runway. A direct estimate of braking force is not possible 

because data of braking torque or effective braking pressure are unavailable; however, it can be determined by 

balancing the forces acting on the aircraft given that adequeate estimates of the other forces are available.   

 Accurate information of braking force is essential to enable effective assessment of runway slipperiness.  

Because the braking force can only be calculated by estimating the other four forces acting on the aircraft and 

subtracting those values from the overall inertial data, its accuracy depends on the uncertainty of the calculation of 

the other forces.  In this study, we demonstrated an analysis process to determine the uncertainty in the calculation 

of reverse thrust.  The importance of the reverse thrust is twofold: (1) it has a significant effect on the aircraft 

deceleration rate and landing distance when being utilized, and (2) its calculation presents a complex challenge 

because of the large number of environmental, aircraft configuration, and engine design factors that impact the 

response. Because of the large number of aircraft types and variety of operating conditions encountered in the U.S. 
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commercial fleet, the data required for the reverse thrust calculation may be incomplete or at a low level of 

accuracy. That is, proprietary data for specific aircraft/engine design is not available and only estimates for the class 

of aircraft or engine can be found. 

The first step in the uncertainty analysis process was to construct a reverse thrust model to ascertain the 

sensitivity of reverse thrust to a number of environmental, aircraft configuration, and engine design variables and to 

analyze the uncertainty in the calculation. The factors that have the greatest influence on the generated reverse thrust 

were identified and the accuracy of the information available in the public domain was evaluated. Finally, the 

expected error in the reverse thrust calculation and its effect on aircraft stopping distance were assessed. 

 This paper is organized into five subsequent sections. Section II describes the thrust reverser model used for the 

analysis. Section III discusses model verification and validation. Section IV describes the sensitivity analysis 

performed to determine which variables drive the reverse thrust response. Section V describes the uncertainty 

analysis process and results. Lastly, section VI summarizes the results and prescribes future analysis. 

II. Thrust Reverser Model 

Before the construction of the 

thrust reverser model, a literature 

survey was conducted to collect 

information on thrust reverser types 

and methods for modeling thrust 

reversers. Thrust reverser types can 

be broken down into two primary 

categories: cold stream (bypass) 

and hot stream. Bypass thrust 

reversers only deflect the bypass 

stream to generate reverse thrust 

(the core, hot stream, will still 

produce forward thrust). The hot-

stream type thrust reverser uses 

buckets (or targets) at the back end 

of the engine to redirect all the 

exhaust from the engine. The model is constructed 

to analyze both types of thrust reversers; however, 

in this paper the model is demonstrated for the hot-

stream thrust reverser. 

A variety of methods are available for 

calculating thrust reverser performance ranging 

from low-fidelity thrust reverser efficiency models 

to high-fidelity CFD simulations. For this analysis 

a volume approach was selected, which calculates 

mass flow rate through the system along with inlet 

and nozzle velocities. This approach provided the 

appropriate balance of fidelity and computational 

time needed for this study. 

The thrust reverser model was constructed using 

MATLAB
®
/Simulink

®5
. Simulink was the chosen 

platform because of its inherent ability to model 

time-based systems. An overview of the model is 

shown in Fig. 1. In the figure, the inputs for the 

model are represented in the boxes with dashed 

lines. All other solid outlined boxes represent 

modules performing sets of the calculations to 

derive the aircraft deceleration. Most of the 

modules contribute to the reverse thrust 

calculation; however, the model also calculates the 

effect of drag and runway slope. The other stopping forces were included in the model for validation purposes only. 

 

 
Figure 1. Thrust reverser model overview. 

Environmental 
Conditions

Flight 
Conditions and 

Aircraft 
Configuration

Aircraft/Engine
/Thrust 

Reverser Type

Engine Flow 
Calculations

Reverse Thrust 
Calculation

Drag and Slope

Aircraft 
Deceleration 
Calculation

Table 1. Model Inputs. 

 

Input Module Variables 

Environmental 

Conditions 

• Air pressure 

• Air temperature 

• Air humidity 

Flight Conditions 

and Aircraft 

Configuration 

• Ground speed 

• Air speed 

• Pitch angle 

• Spoiler angle 

• Engine fan speed 

• Aircraft landing weight 

• Operating line 

Aircraft/Engine 

Configuration 

• Aircraft type 

• Engine type 

• Thrust reverser type 
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The data does not contain a measurement of reverse thrust; therefore, the model was validated based on aircraft 

deceleration and velocity measurements, which requires capturing all forces acting on the aircraft. Once all the 

forces were calculated, the aircraft deceleration rate and velocity were computed. The remainder of this section will 

explain each module shown in Fig. 1 in more detail. 

A. Model Inputs 

Three categories of inputs are shown in Table 1 along with their associated variables: environmental conditions; 

flight conditions and aircraft configuration; and aircraft/engine. The environmental conditions required for the 

calculations can be captured using onboard sensors or weather data. The flight conditions and aircraft configuration 

parameter are primarily available from the flight data or are iteratively calculated in the model. The only parameter 

that cannot be directly assessed using flight data or model feedback is the operating line for the engine fan and 

compressor map. This value is dependent on engine control, engine degradation, and inlet distortion and, therefore, 

is estimated with a large amount of uncertainty.  

The aircraft/engine/thrust reverser type defines many factors in the model. For example, the aircraft type dictates 

lift and drag coefficients, wing area, aspect ratio, sweep angle, and flap area/span. The engine type determines 

engine fan map scaling and bypass ratio. The thrust reverser type defines whether only the bypass or the bypass and 

core flows are used for reverser thrust. In addition, the type of reverser (cascade, pivoting blocker door, bucket, etc.) 

determines thrust reverser area and efficiency. The information available in the public domain for the variables 

required for this set is often limited. Estimates 

can often be made based on the class of aircraft, 

but the error ranges are relatively high.  

B. Engine Station Calculations 

The engine station calculation module 

determines the instaneous total pressure and total 

temperature throughout the engine. The engine 

station designations are shown in Fig. 2.  

The first step in the module determines the 

pressure and temperature of the air at the inlet of 

the engine
6
:  

  (1) 

  (2) 

Also at this stage, air density is calculated based upon ambient temperature, ambient pressure, and relative 

humidity: 

   (3) 

where: 

   (4) 

To perform the reverser thrust calculation, mass flow rate through the engine and flow velocities at the inlet and 

nozzle must be known. One method of calculating mass flow rate and pressure ratio is using fan/compressor maps. 

An example fan map provided by Georgia Tech ASDL is shown in Fig. 3.  The fan map provides corrected mass 

flow rate, fan pressure ratio, and adiabatic efficiency given that engine speed and operating line are known. The blue 

(somewhat horizontal) lines are the speed lines. These lines are listed as %N1, which can be collected from the 

aircraft onboard sensors.The operating lines are the black (somewhat vertical) lines in Fig. 3. Typically, the engine is 

designed to operate in a portion of the map with high efficiency and a generous stall margin (the distance between 

the actual operating line and the 1.0 R-line); however, engine degradation over time and inlet distortion can cause a 

reduction in stall margin and has an effect on the operation of the engine.  

𝑇02 = 𝑇𝑎(1 +
𝛾𝑎 − 1

2
𝑀𝑎

2) 

𝑝02 = 𝑝𝑎 [1 + 𝜂𝑑 (
𝑇02

𝑇𝑎

− 1)]

𝛾𝑑
𝛾𝑑−1

 

𝜌𝑎 =
0.028964(𝑝𝑎 − 𝑝𝑣) + 0.018016 ∗ ∅ 𝑝𝑠𝑎𝑡𝑀𝑣

𝑅𝑇
  

𝑝𝑠𝑎𝑡 = 100(6.1078 ∗ 10
7.5𝑇

𝑇+237.3) 

 

 
Figure 2. Engine station designations. 
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The actual mass flow rate 

needed for the thrust calculation is 

calculated using the fan map, 

bypass ratio of the engine, and flow 

temperature and pressure 

corrections . The pressure ratio 

calculated from the fan map is used 

to initiate the engine temperature 

and pressure calculations, which 

are needed to calculate nozzle exit 

velocity.   

The bypass (Eq.5) and core 

(Eq.6) exit velocities are calculated 

as:  

    (5) 

 

 

 

  (6)  

The temperatures and pressures are calculated for each 

engine station from the inlet to the bypass nozzle and core 

nozzle. See Hill, Ref. 6, for detailed engine station calculation 

formulas. 

C. Reverse Thrust Calculation 

After the engine station calculations are performed, a control 

volume analysis is used for the reverse thrust calculation. A 

schematic of the control volume is shown in Fig. 4.  The analysis 

is slightly different between a hot-stream and cold-stream thrust 

reverser. If a hot-stream thrust reverser is used, both the bypass 

and core flows are deflected to generate reverser thrust. In this 

case, reverser thrust is calculated as: 

     (7) 

If only the bypass flow is reversed, the core flow will still 

generate forward thrust; therefore, the reverse thrust is 

calculated as: 

    (8) 

E. Drag and Slope 

 The other deceleration forces module calculates aerodynamic 

drag and the effect of runway slope on the aircraft. This module 

is needed to complete the validation task outlined in section IV. 

Braking is ignored because little or no braking was applied when the data was collected. 

The aerodynamic drag is calculated as:  

(
𝑢8

𝑢0

)
2

=

𝑇08

𝑇𝑎
− 1

𝑇08

𝑇02
− 1

 

𝑢𝑒 = √2𝜂𝑛

𝛾𝑛

𝛾𝑛 − 1
𝑅𝑇05 [1 − (

𝑝7

𝑝05

)

𝛾𝑛−1
𝛾𝑛

] 

𝐹𝑇𝑅,𝑥 = −𝑚𝑜̇ 𝑢𝑒 cos 𝛽 − 𝑚𝑜̇ 𝑢𝑜 

𝐹𝑥 = −𝑚𝐵̇ 𝑢8 cos 𝛽 − 𝑚0̇ 𝑢𝑜 + 𝑚𝐶̇ 𝑢7 

 
 

Figure 3. Notional fan map. 

 
Figure 4. Thrust reverser control 

volume. 
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    (9) 

The drag coefficient consists of several parts: zero-lift drag (CD0), induced drag (KCL
2
), spoiler drag (CDs), and flap 

drag (CDf)
7
. The zero-lift drag and induced drag was estimated based on published estimates for a business jet in 

academic texts:  

  (10) 

  (11)  

  (12) 

  (13) 

In all calculations, the aircraft is used as a frame of reference, meaning the x-axis is aligned with the fuselage of 

the aircraft and not necessarily with the ground. The reference frame is shown in Fig. 5. If the aircraft is on a runway 

with a non-zero gradient, the effect of gravity must be considered: 

  (14) 

F. Deceleration Calculation 

As shown in Fig. 1, the final step in 

the algorithm is to calculate the aircraft 

deceleration. After all forces have been 

estimated, aircraft deceleration and 

velocity are calculated using Eq. (15), 

assuming no braking is used. The 

calculated acceleration provides insight 

into how the total forces are affecting 

the aircraft. The velocity calculation 

provides an intuive understanding of 

the deceleration of the aircraft. The 

aircraft deceleration module uses the 

output of the thrust reverser module and 

the other deceleration forces module to 

calculate the speed of the aircraft. Using 

Newton’s second law of motion:

 (15) 

 

III. Model Verification and Validation 

The next step in the process was to verify and validate the thrust reverser model. First, the trends of each 

deceleration force were evaluated. This was accomplished by comparing the model results to the typical aircraft 

deceleration forces shown in FSF ALAR
8
. 

The primary output of the model is the forces acting on the aircraft during the landing roll. The forces are 

calculated in the reference frame of the aircraft with the x-axis oriented such that positive forces act in the opposite 

direction of the aircraft’s velocity vector. The forces that are calculated by the model are: aerodynamic drag, gravity, 

and reverse thrust (braking is ignored in this model). Aircraft acceleration, velocity, and distance traveled can be 

calculated from these forces. 

𝐷 =
1

2
𝜌𝑉2𝑆𝐶𝐷 

𝐶𝐷 = 𝐶𝐷0 +
𝐶𝐿

2

𝜋𝑒𝐴𝑅
+ 𝐶𝐷𝑆

+ 𝐶𝐷𝑓 

𝐶𝐷𝑆
=

1.9 sin(𝛿𝑆) 𝑆𝑠

𝑆
 

𝐶𝐿 = 𝐶𝐿𝐶
+ ∆𝐶𝐿𝐻𝐿𝐷

+ ∆𝐶𝐿𝑆
 

𝐶𝐿𝑆
≈ −𝐶𝐿𝐶

 
𝑏𝑠

𝑏
 

𝐹𝑔,𝑥 = 𝑚𝑔𝑠𝑖𝑛(𝜃) 

𝑣 = − ∫
𝐹𝑇𝑅,𝑥 + 𝐷 + 𝐹𝐺

𝑚
 𝑑𝑡 

 
Figure 5. Drag and gravity forces. 

 
Figure 6. Example model output 
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An example of the model output is shown in Fig. 6. The model shows the forces on the aircraft for 25 seconds of 

the landing roll. At the beginning of 

the simulation, aerodynamic drag is the 

primary stopping force on the aircraft. 

At this point, the thrust reversers have 

not fully deployed, so the engines are 

creating forward thrust (therefore, a 

negative force value is shown because 

the x-axis is oriented toward the rear of 

the aircraft). Furthermore, because the 

aircraft has some pitch (and the aircraft 

is used as a frame of reference), some 

force due to gravity is translated into 

the x-axis.  

Throughout the landing roll, 

aerodynamic drag is constantly 

decreasing because the aircraft is 

slowing. At approximately the  

3-second mark, the engines are in 

reverse thrust configuration and are 

starting to spool-up. At approximately 

9 seconds, the maximum %N1 is 

reached, which results in the maximum reverse thrust. At this point %N1 can no longer be increased and the amount 

of reverse thrust generated begins to reduce because the speed 

of the aircraft is decreasing.  

To validate the model, data was collected using the FAA’s 

Global 5000 aircraft. Eight test flights occurred on dry runways. 

The pilot primarily used thrust reversers to slow the aircraft at 

high speeds, and then braking was added once required for a 

safe stop. This process was used to isolate the drag and reverse 

thrust forces. The following parameters were collected at a rate 

of 4 Hz from the aircraft quick-access recorder (QAR): 

 Acceleration (horizontal and vertical) 

 Airspeed 

 Groundspeed 

 Pitch angle 

 %N1 

 EPR  

To validate the model, the longitudinal acceleration 

computed by the model is compared to the longitudinal 

acceleration data from the QAR. The model error with respect 

to the data from 8 test flights is shown in Table 2. For the 

majority of the data points, the velocity error for the model was held under 5%, and in most cases the acceleration 

error was less than 30%. 

The velocity and acceleration error distributions are shown in Fig.7 and Fig. 8. The mean of the velocity error 

was -0.58 m/s, suggesting a model bias. Possible sources of bias include not considering rolling resistance or aircraft 

braking or the bias could be a result of inaccuracies in the model. The mean acceleration error was 0.019 m/s
2
 with a 

standard deviation of 0.133 m/s
2
. 

Figure 1: Example model output 

Table 2. Modeling Error 

 

Set 

Maximum 

magnitude 

of velocity 

error (m/s) 

Maximum 

percent 

velocity 

error 

Maximum 

magnitude 

of 

acceleration 

error (m/s
2
) 

Maximum 

percent 

acceleration 

error 

1 1.27 3.87 0.18 14.64 

2 0.86 2.49 0.19 14.08 

3 0.84 2.67 0.35 16.63 

4 1.48 5.00 0.22 17.16 

5 1.89 5.83 0.28 28.31 

6 1.15 4.55 0.30 38.78 

7 0.36 0.83 0.59 43.92 

8 1.33 3.94 0.36 19.55 

 

 
Figure 8. Velocity error. 

 
Figure 7. Acceleration error. 
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Along with 

validating the model, 

the distributions shown 

in Fig. 7 and Fig. 8 

were important in 

defining the expected 

error from the model. 

The model error will be 

analyzed in conjunction 

with the expected error 

on the parameter 

estimates. This analysis 

will provide some 

insight into the sources 

of the model error.  

The second part of 

the validation process 

was to perform a 

Matched Pairs analysis 

using JMP
9
. The 

Matched Pairs analysis 

uses a student’s t-test to 

test the null hypothesis 

that the average 

difference between two 

data sets (in this case 

the actual acceleration of the aircraft and the acceleration calculated by the model) is zero. A 95% confidence 

interval was used. The results of the matched pairs analysis for the hot-stream thrust reverser are shown in Fig. 9. 

The plot on the left shows the results for flight 7 and the results on the right are for flight 5 (refer to Table 2; the 

largest amount of bias was for flight 5). 

IV. Sensitivity Analysis 

The primary goal of the sensitivity analysis 

was to determine which variables have the 

largest relative influence on predicting the 

thrust reverser performance. The software tool 

JMP was used to execute this analysis. The 

first step was to perform a design of 

experiments (DOE) to explore the design 

space. Because a computer model was being 

assessed, a space-filling design was chosen. 

The factors considered are listed in Table 3. 

Using the factor settings produced by 

JMP’s DOE, the thrust reverser simulation was 

repeated 90 times and the model output was 

collected. (%N1 was set at 0.7.)The data was 

saved in JMP and a model was fit to the data. 

The first step was to use a screening process to 

determine which variables were driving the 

response and needed to be included in the model. This is a filtering technique used to reduce the total number of 

variables in the model. Next, a second-order response surface equation (RSE) was fit to the data using the standard 

least squares estimation method. The model was produced with an R
2
 value of 0.9990 and R

2
adjusted of 0.9986. A 

Pareto plot demonstrating the relative importance of each factor is shown in Fig. 10. 

The results show that the hot-stream thrust reverser is highly sensitive to ambient temperature. The reason for 

this can be determined by assessing the effect of ambient temperature on the bypass and core streams. As 

 
 

Figure 9. Matched pairs analysis. 

Table 3. Sensitivity analysis factors 

Factor Min Max 

Air Temperature 238K 315K 

Air Pressure 83000 Pa 102000 Pa 

Ejection Angle 30 deg 45 deg 

Aircraft Speed 30 m/s 70 m/s 

Combustion Temperature 1300K 1700K 

Compression Ratio 20 25 

Compresor Efficiency 0.96 0.99 

Nozzle Efficiency 0.96 0.99 

R-line 1.2 2.0 
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Figure 10. Pareto plot of factors. 

temperature increases, the thrust 

produced by both streams will 

decrease; however, the change in 

thrust by the core is more significant 

than the change in thrust by the 

bypass stream. For example, an 

increase of 25K in ambient 

temperature will cause 

approximately a 21% decrease in 

bypass thrust and will cause 

approximately a 19% reduction in 

core thrust. The compounded 

reduction of thrust from both the 

bypass and core streams causes the 

net thrust to decrease by 

approximately 19.5%; therefore, 

calculated reverse thrust is highly 

sensitive to ambient temperature. 

Along with air temperature, the 

operating line, air pressure, and 

ejection angle have a significant 

effect on the reverse thrust produced 

by the hot-stream thrust reverser.  

Air temperature and air pressure can 

be estimated with a high degree of 

accuracy using weather data. An experiment was conducted to assess the effect of air density on reverse thrust, and 

the results are shown in Fig. 11.  

Conversely, the operating line and ejection angle could be significant sources of error. The engine operating line 

is dependent on a number of factors including engine design, engine control algorithms, engine degradation, and 

 
Figure 11. Effect of air densitiy on hot-stream thrust reversers 
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inlet distortion. Typically, the ejection angle of a hot-stream bucket thrust reverser can be determined by measuring 

the angle of the buckets (unlike a cascade thrust reverser, which can have hundreds of vanes at a variety of angles). 

V. Uncertainty Analysis 

The final step in the analysis was to determine the uncertainty in the reverse thrust calculation given the 

uncertainty in the input parameters. This task was accomplished by developing a worst-case scenario on a standard 

day; that is, creating uncertainty model inputs that represent the largest amount of uncertainty that should be 

encountered at standard temperature and pressure. First, a literature survey was conducted to determine the expected 

accuracy of the input parameters (the only parameters that were considered were those that the sensitivity analysis 

showed to be important for the response). The references used and uncertainty estimates are summarized in Table 4.  

The uncertainty of airspeed, %N1, air 

pressure, and air temperature is determined by 

the accuracy of instrumentation onboard the 

aircraft. According to 14 CFR Part 121 

appendix B and appendix M, the required 

accuracy of flight recorder parameters are: 

±5% for airspeed, ±2°C for outside air 

temperature, and ±100–700 ft  for pressure 

altitude (approximately ±4-26 hPa for outside 

air pressure)
17

. A typical standard deviation of 

%N1 is 0.25% according to Ganguli.
10  

The 

accuracy of operating line, ejection angle, and 

combustion temperature (T04) is limited by the 

information available in the public domain. 

The range for the operating line was set based 

on reasonable operating lines found in the fan map. Operating lines outside of the range listed in Table 4 would 

either put the fan on the verge of stall or result in unacceptably low efficiency. The range for ejection angle was set 

by surveying available target-type thrust reverser design information. The angles of the buckets all fell within the 

range listed in Table 4. No specific information could be found on the combustion temperature of the BR700 engine; 

therefore, a relatively large band of uncertainty was set for the T04 estimate. 

A Monte Carlo simulation was used to determine how the uncertainties in the input parameters propagate to the 

reverse thrust calculation. The distributions defined in the third column of Table 4 were used for the random 

sampling of the model input parameters, and the surrogate model created for the sensitivity analysis was used for the 

calculations. A normal distribution was used for the measured parameters (airspeed, air temperature, and air 

pressure). To define the distribution, an actual (or true) value for each parameter was set and then the standard 

deviation was defined to produce a distribution with an error range reflective of the values shown in Table 4. The 

actual/true values for airspeed, air temperature, and air pressure are 60 m/s, 273K, and 101,325 Pa, respectively. The 

true values were selected to represent the reverse thrust at high speed at standard temperature and pressure. 

The remaining parameters are dependent on engine and thrust reverser design and their associated error 

distributions are representative of model error and not measurement error. The modeling error is caused by lack of 

public data on the engine and thrust reverser design. A normal distribution was chosen for the operating line because 

the actual operation point of the engine should fluctuate around the high efficiency point of the fan map with 

descreasing probability at the tails. The actual operating line is dependent on engine design, engine control, engine 

degradation, and inlet distortion, so the distribution was set such that the mean was the optimal operating point and 

the standard deviation was selected such that the distribution would cover the range found in the second column of 

Table 4. The expected combustion temperature was selected to be 1500K (a typical combustion temperature for 

turbofan engines). A normal distribution was used to define the uncertainty with a mean of 1500K and a standard 

deviation of 100K. With a standard deviation of 100K, it is assumed that all realistic temperatures for T04 are 

covered. A uniform distribution was used for the ejection angle because the likelihood of the true value is the same 

throughout the defined range. 

After the input distributions were defined, a 10,000 run Monte Carlo simulation was performed; that is, each 

distribution was sampled 10,000 times, the model was run 10,000 times, and 10,000 reverse thrust responses were 

calculated. A histogram of the 10,000 reverse thrust values calculated is shown in Fig. 12. The figure shows a 

normal distribution with a mean of 65,278 N of reverse thrust. Approximately 50% of the distribution falls within 

±2.5% of the median, and approximately 90% of the distribution falls within ±10% of the median. Over the first 25 

Table 4. Uncertainty ranges and distributions. 

Parameter Uncertainty Distribution 

Airspeed
15 

±5% N(60,1.5) 

Air Pressure
15 ±4-26 hPa  

±10 Pa  
N(101325, 1300) 

Air Temperature
15 

±2°C N(273,1) 

%N1
10

 σ = 0.25%  N(0.7, 0.0025) 

Operating Line 1.4-2.4 N(1.9.0.1) 

Ejection Angle
11-14 

45 – 55  U(44,52) 

T04
 ± 200K  

±30 K  
N(1500,100) 
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seconds of the landing roll, a 10% error in reverse 

thrust creates an approximate 12 meter error on the 

distance traveled by the aircraft. For an aircraft that 

touches down at approximately 120 knots, this 

equates to approximately 1% of the total distance 

traveled by the aircraft over the 25 seconds 

analyzed.  

Given the uncertainty distributions of the input 

variables, the uncertainty response is most 

sensitive to the operating line because of the large 

spread of the uncertainty distribution and its direct 

impact on engine pass flow rate and fan pressure 

ratio. If a more accurate estimate of the operating 

line is available, the uncertainty of the response 

can be significantly reduced. T04 had the second-

largest impact on the variability in the reverse 

thrust response. The uncertainty contributed by T04 could be reduced if the expected combustion temperature for the 

engine is known.  The %N1, air temperature, airspeed, and air pressure all have a similar impact on the uncertainty 

response of the reverser thrust calculation. It is unlikely that the uncertainty associated with %N1, air temperature, 

air pressure, and airspeed can be significantly reduced because the uncertainty associated with those parameters is 

measurement uncertainty and not model uncertainty. Ejection angle uncertainty had the least effect on the thrust 

reverse response; therefore, the lack of detailed information on the angle of the buckets for the thrust reverser does 

not have a large detrimental effect on the model’s ability to predict reverse thrust. 

VI. Conclusion 

In summary, this paper provided a methodology for quantifying the uncertainty of calculating reverser thrust using 

in situ data. For this analysis, a thrust reverser model was developed in MATLAB/Simulink that only uses publically 

available information.  By using flight data collected by the FAA’s Global 5000 aircraft, it was shown that the 

model could consistently predict the acceleration of the aircraft within 30% and the aircraft velocity within 5% 

throughout the landing roll.  

To narrow the number of parameters to be included in the uncertainty analysis, a sensitivity analysis was 

performed to determine which variables in the model drive the reverser thrust response. The analysis determined that 

the most important factors in the model are air temperature, operating line, airspeed, air pressure, ejection angle, and 

combustion temperature (T04).  

To perform the uncertainty analysis, the expected measurement and model errors were quantified and a Monte 

Carlo simulation was performed. The analysis showed that 95% of the results fell within ±10% of the mean thrust 

value. A 10% change in thrust equates to an approximate 1% error in the calculated distance traveled by the aircraft 

during the landing roll. Two of the driving factors of uncertainty are the engine operating line and combustion 

temperature. Both values had large uncertainty distributions due to the lack of information published in the public 

domain. Therefore, it is reasonable to expect that the accuracy of the model could be improved by focusing on 

reducing the uncertainty associated with those two parameters.  

The analysis process demonstrated in this study provides a tool in determining not only the uncertainity of reverse 

thrust calculation but also the validity of a runway friction assessment method using onboard aircraft data.  The 

uncertainty of all calculated forces on the aircraft must be quantified to allow further evaluation of which 

calculations need to be improved, if any, to achieve an operationally viable method for assessing runway 

slipperiness.  
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Figure 12. Reverse thrust histogram. 
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